It is shown that in the general relativity many static metrics are able to simulate the oscillatory motion. The general form of these metrics is established and it is pointed out that these depend on two arbitrary real parameters which determine the characteristics of each model. Their properties as well as the main new relativistic effects are discussed.
Introduction
In the context of the general relativity, the geometric models help us to understand the relativistic kinematics, and to compare them with that of the well-known classical nonrelativistic systems. This can be done either in the case when the relativistic motion simulates a nonrelativistic one or by taking into account the nonrelativistic limit. However, the ideal situation is when the relativistic equations of motion are of similar form as that of the nonrelativistic ones since then the pure relativistic effects could be better pointed out.
One of the simplest geometric models which satisfies this requirement is the anti-de Sitter relativistic harmonic oscillator (RHO) for which there are many phenomenological [1, 2] and group theoretical arguments [3, 4, 5] . In this context, a form of the anti-de Sitter (3+1) static metric has been proposed [2] in order to be able to reproduce the classical equations of motion of the nonrelativistic harmonic oscillator (NRHO) of the frequency ω. In natural Cartesian coordinates, x 0 = ct and x i , i = 1, 2, 3, this is given by the line element
where r = | → x | andω = ω/c. On the other hand, the corresponding quantum system, represented by the free scalar massive quantum field on this background, has an equidistant energy spectrum with a ground state energy larger, but approaching 3ωh/2 in the nonrelativistic limit [6] . Thus, the anti-de Sitter RHO appears as the natural relativistic correspondent of the NRHO.
However, we can ask if there are other relativistic oscillating systems giving new relativistic effects. Our aim is to analyze the possible generalizations of the metric (1) in order to obtain new classical relativistic systems which should have: (I) linear equations in x i (t) and their time derivatives,ẍ i anḋ x i , and (II) the same nonrelativistic limit, namely the NRHO. These systems will be called generally relativistic oscillators (RO). Our objective is to find the family of all the (3+1) metrics which should satisfy these requirements.
We start in the second section with the general form of the metric of a spherically symmetric static background and we derive the geodezic equations by explicitly using the conservation laws. Thus we recover classical well-known results in a suitable form for our developments. In the next section we propose a change of functions which should simplify the form of the potentials. Based on these results, in Sec.4 we define the family of the geometric models of the RO which accomplish (I) and (II). These depend on two real parameters which determine the particular behavior of each model. The final conclusion is that this family contains not only new models of the RHO but also a class of relativistic rotating oscillators.
The relativistic central motion
The relativistic correspondent of the nonrelativistic classical central motion is the (classical) free motion on a spherically symmetric static background. In Cartesian coordinates the most general form of the metric of a such a background is given by the line element
where A, B and C are arbitrary differentiable functions of r. Obviously this metric remains invariant under time translations and space rotations. Therefore, the energy as well as the angular momentum will be conserved. Let us first calculate the geodezic equations in terms of x i ,ẋ i andẍ i . We shall start with the covariant components of the metric tensor,
and the non-vanishing Christoffel symbols
written with the notation ′ = ∂ r . Furthermore, we shall consider the energy conservation
and the conservation of the angular momentum
Then, after a few manipulations, we can write the geodezic equations in the usual vector notations as
On the other hand, from the Eq. (5) and the square of the Eq. (6) we find that
where L = | → L |. Now by replacing these expressions in the right-hand side of (7) we obtain the final form of the equations of the relativistic central motion
where
play the role of the potential energy. This is a well-known result [7, 8] rewritten in our notations by using explicitly the conservation laws. Like in the nonrelativistic case, from (6) it results that the trajectory is on that space shell which is orthogonal to → L . We note that the second term of (10) is the Coriolis-like contribution which is specific for the relativistic motion.
A change of functions
The form of the potential W given by (11) is complicated since it is strongly non-linear in A, B and C. For this reason we shall introduce three new functions of r, denoted by α, β and γ, so that
In addition, we shall take L = L 12 = 0 and L 23 = L 13 = 0 in order to keep the trajectory on the shell x 3 = 0. Then the Eq.(10) becomë
has now a more comprehensible form. However, in applications it is convenient to see the form of the geodezics of the central motion in spherical coordinates also. These can be be obtained directly in terms of the functions α, β and γ starting with the line element in spherical coordinates
A simple calculation shows that the non-vanishing Christoffel symbols are Now, by taking into the account the conservation of the energy and of the angular momentum chosen along to the 3-axis, we obtain the equations of motion on the space shell θ = π/2,
Note that Eq. (9) gives the prime integral
which allows us to directly integrate the radial equation (17). Thus we have obtained a new form of the equations of the relativistic central motion in Cartesian and spherical coordinates. Obviously, this has some technical advantages. One of them is that the potentials W or w are linear in α and β so that in the nonrelativistic limit the potential energy should have a term proportional with α − β. Moreover, from (10) we see that the Coriolis-like relativistic effect is due now only to the first derivative of the function γ. Therefore, this effect will be canceled in the particular cases when γ is a constant.
Relativistic Oscillators
Let us now consider the problem of the geometric models of the RO which, according to our definition, must satisfy the requirements (I) and (II). We shall show that these can be accomplished if we define
where λ and λ ′ are two arbitrary real parameters. Indeed, then the equations of motion (13) take the form
which is linear in x i and its time derivatives. Here the constant coefficients are the Cartesian effective frequency squared,
and the Coriolis-like frequency
On the other hand, we observe that in the nonrelativistic limit (c → ∞) we have lim
which means that, in this limit, all these geometric models lead to the NRHO. Moreover, the functions (21) have been chosen so that in the absence of the interaction (ω → 0) the metric should be a flat one. Thus we have found the general form of the metrics of the geometric models of the RO defined by (I) and (II). Their dependence on the parameters λ and λ ′ will give the character of the RO. This will be better pointed out by using not only the Cartesian equations of motion but also those written in spherical coordinates. From (17)-(19) we obtainr
is the radial frequency squared. Hence the final result is that, in general, our RO are not pure harmonic oscillators. In Cartesian coordinates these appear as two orthogonal harmonic oscillators coupled through velocities because of the Coriolis-like term. One can verify that they have two oscillation modes with the frequencies Ω ± = Ω ± Ω c . In spherical coordinates the radial motion is just that of the harmonic oscillator of the frequency Ω but the Eq.(27) gives a supplementary uniform rotation of the angular velocity Ω c . This means that the RO with λ ′ = 0 are in fact relativistic rotating oscillators. However, when λ ′ = 0 we have Ω c = 0 and, consequently, the RO becomes a RHO. If, in addition, we take λ = −1 then we obtain the anti-de Sitter RHO.
What is interesting here is that the frequency Ω depends on E and L. This can be interpreted as a pure relativistic effect since in the nonrelativistic limit Ω → ω, as it results from (25). On the other hand, it is possible that, for several values of E and L, the oscillatory motions should degenerate into open (uniform or accelerated) motions. Obviously, the necessary condition for the oscillatory motion is Ω 2 > 0 which, according to (28), gives
For example, the RHO (λ ′ = 0) with λ > 0 oscillate only if mc 2 < E < mc 2 1 + 1/λ while those having λ ≤ 0 oscillate for all the possible energies, E > mc 2 . We note that the frecvencies of all these RHO depend only on E like in the case of the (1+1) RHO [9] .
Comments
Here we have obtained the most general class of metrics which generalize that of the anti-de Sitter RHO. According to (2) , (12) and (21), the form of the corresponding line elements in Cartesian coordinates is
while in spherical coordinates this is obtained by replacing (21) in (15). Now we can briefly discuss the form of these metrics restricting ourselves to the case of λ ′ ≥ 0. The metrics with λ > 0 have no singularities and, therefore, the free particle on these backgrounds can have either closed trajectories, when the motion is oscillatory because of the values of E and L which satisfy the condition (29), or open trajectories if this condition is not fulfilled. We observe that for λ > 0 and λ ′ = 0 the metrics defined by (30) represent the deformations of some de Sitter static metric which doe not enter in our family of metrics since they are not able to produce oscillations. In the case of RHO with λ ′ = 0 the metrics are conformal transformations of these de Sitter metrics. For λ < 0 our metrics are either deformations (if λ ′ = 0) or conformal transformations (for λ ′ = 0) of some anti-de Sitter metrics. All these metrics are singular on the sphere of the radius c/ω √ −λ. This is just the event horizon of an observer situated at x i = 0. Therefore, the oscillating particle remains confined to this spherical cavity the radius of which depends on our new parameter λ. Hence we see that in (3+1) dimensions the situation is more complicated than in the case of the (1+1) models [9] where the systems which generalize the anti-de Sitter RHO are only RHO with metrics given by conformal transformations of some de Sitter, anti-de Sitter or Minkowski ones.
We conclude that in (3+1) dimensions we have two kind of oscillating systems which satisfy (I) and (II). These are the (3+1) RHO and the rotating oscillators (with λ ′ = 0) which have no correspondents in (1+1) dimensions.
They are interesting since their rotation is a pure relativistic effect which disappears in the nonrelativistic limit. Moreover, we have shown that this effect appears also in the quantum models of the relativistic rotating oscillator with λ ′ = λ + 1 we have analytically solved [10] . Therein the energy spectra have a fine-structure given by a rotator-like term involved in the formula of the energy levels. Of course, like in the classical case, this vanishes in the nonrelativistic limit. Thus we can say that the classical (or quantum) relativistic rotating oscillators represent new systems which produce specific relativistic effects.
